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1. INTRODUCTION 
This paper is divided into two parts. The first part deals with oscillatory 
solutions of the following equations: 
where p, g, and f are assumed continuous, p(t) 3 0, g(t) --f co as t + 03, and 
f (u, V) has the sign of u and v when they have the same sign; 
r”(t) + f Pi(t>fi(Y(t), YWN = 0, t>,a>O, V-2) 
i=l 
where pi , gi , and fi are assumed continuous, p,(t) > 0, gi(t) + co as t --f 00, 
and fi(u, V) has the sign of u and z, when they have the same sign 
r”(t) + f cc r(t), Yk(tN) = 0, t>a>O, (1.3) 
where g and f are assumed continuous, g(t) - co as t ---f co; f (t, u, v) > 0 for 
u, v > 0 and all t > 0; f (t, u, V) has the sign of u and ‘u when they have the 
same sign; for each fixed t and u > 0, f (t, u, V) is nondecreasing in z, for 
z, > 0; and for each fixed t and ~1 > 0, f(t, U, 71) is nondecreasing in u for 
u > 0. 
The second part deals with nonoscillatory solutions of the delay equation 
y”(t) + p(t>r(t - 4 = 0, t>,a>O, U-4) 
where p is positive continuous and -r is a finite positive constant. We also 
deal with bounded solutions of the more general equation 
y”(t) + y(t - T)qYV - 4 t) = 0, t>,a>O, (l-5) 
* Portions of this research were supported by N. S. F. Grant No. GP 33946. 
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where yF(y2, t) is continuous for t > a > 0, F(s, t) is nonnegative for s > 0 
and t > a > 0, and F(s, t) is nondecreasing in s for fixed t. 
We shall restrict attention to solutions of (1.3) which exist on some ray 
[u, co). A solution of (1.3) is called oscillatory if it has no largest zero. If a 
solution is not oscillatory, we call this solution nonoscillatory. (1.3) is called 
oscillatory if every solution of (1.3) is oscillatory, and nonoscillatory if every 
solution of (1.3) nonoscillatory. We note that a is any positive constant 
throughout this paper. 
2. OSCILLATION THEOREMS 
Oscillation properties for second order functional differential equations 
have been studied in [l-4, 6, 9-14, 161. H ere we will give several oscillation 
criteria which improve some results in those papers. 
In the following theorem we will give sufficient conditions for every 
bounded solution of (1.1) existing on [a, co) to be oscillatory. This result 
improves Corollary 2.5 of [4]. 
THEOREM 2.1. If 
s 
cc 
q(s) ds = co, (2.1) 
then every bounded solution of (1.1) existing on [a, co) is oscillatory. 
Proof. The proof of this theorem will follow the proof of Theorem 1 
of [2]. Let y(t) be a bounded nonoscillatory solution of (1.1). Hence we may 
assume that there is a to such that y(t) > 0 for t > to > 0. Since g(t) + co 
as t -+ co, there exists t, so large that g(t) > t, for t > t, . Thus y(g(t)) > 0 
for t > t, . From (1.1) we know that y”(t) < 0 for t >, tl . This implies that 
y’(t) is nonincreasing and since y(t) > 0, y(t) is nondecreasing and hence 
tends to a finite positive constant L since y(t) is bounded above. Integration 
of(l.l)fromstotwitht,,<s<tyields 
Y'W -Y’(S) + Jkx)f (y(x), y(g(4)) dx = 0. s 
Let t tend to infinity and obtain 
(2.2) 
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since r’(t) is nonnegative and nonincreasing for t > t, . The continuity off 
enables us to find t, > tl such that for t > t, , 
f(Y@>> Y(&))> 2 &f c-b L) > 0. (2.3) 
Integrating (2.2) f rom t, to t and using (2.3) we obtain 
YW - Yk!) 3 JttJyP(4f(Y(x)Y Y(&N) dx 
2 
= s t: (x - tz) &4f (y(x), YMx))) dx 
Since y(t) is bounded above we can let t tend to infinity and obtain 
s 
cc 
q(s) ds < 00, 
t, 
which contradicts the hypothesis. The proof of this theorem is, therefore, 
complete. 
In the following theorems we will extend Theorem 2.1 to unbounded solu- 
tion of (1.1). We shall note later that the following theorems improve some 
results in [l, 4-6, 8-161. 
THEOREM 2.2. Suppose that 
(i) there exists a positive continuous differentiable function q(t) such that 
q(t) < min{g(t), 0 afd 0 < a’(t) (2.4) 
for t > a > 0. 
(ii) there exist positive nondecreasing continuous functions h(t) and h,(t) 
for t > a > 0 and a constant M > 0 such that either 
(ii)l g(t) < t for t > a > 0 and u > w or 
(ii>2 U>M 
implies 
o, dv s- h(v) < M, and li~~nf hdcv)f(u9 4 h(v) I > E > 0 (2.5) 
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for every positive constant c and some l . If 
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(2.6) 
then (1.1) is oscillatory. 
Proof. Let y(t) be a nonoscillatory solution of (1.1). Without loss of 
generality, we may assume that y(t) > 0 for t > a. Choose tl > a so large 
that q(t) > a for t > tl . Thus y(q(t)) > 0 and y(g(t)) > 0 for t > tl since 
a < q(t) <g(t). This implies that y”(t) < 0 for t 3 tl by (1.1). Thus y’(t) 
is nonincreasing and y(t) is nondecreasing since y(t) > 0. If y(t) is bounded, 
from Theorem 2.1 we obtain a contradiction by hypotheses (ii), (2.6), and 
(2.1). Thus y(t) is an unbounded nonoscillatory solution of (1.1). Inte- 
grating (1.1) from t to t’ with tl < t < t’ yields 
r’(f) - r’(t) + It’ PNf (y(s), AdsN) ds = 0. 
Let t’ tend to infinity and obtain 
y’(t) 2 Itm P(S) f(r(4, yk(4)) h (2.7) 
since y’ is nonnegative. Divide the above inequality by h(y(q(t))) to obtain 
y’(t) h(y(q(t))) 2 h(y&))j s tffi Wf M4 A&))) ds 
> P(s)f(Y(s), Yk(‘))) ds 
h(MsN (2.8) 
because h(t), y(t), and q(t) are nondecreasing functions and q(t) < g(t). Since 
y’(t) is nonincreasing for t > tl , cy(t) < t for some positive constant c. 
Thus we obtain h,(cy(g(t))) < h,(g(t)). Then from (2.4) and (2.5) we obtain 
At)fMth A&N) = h,kW At)f(~(th y(&N) 
h(YkWN hk@N W&N) 
> p(t) 
‘h,o)’ 
4(~YkwNf(Yw~ YW)N 
h(Y(&N) 
(2.9) 
> PO> 
-JiwE 
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for sufficiently large t > t, > t, and for some positive constants c and E. Since 
q(t) < t and y’(t) is nonincreasing, y’(q(t)) > y’(t) for t >, t, . Thus from 
(2.8) and (2.9) we obtain for t 3 t, 
(2.10) 
or 
since q’(t) > 0. Integrating from T to t and using integration by parts we 
obtain for t, < T < t 
Let t + co and obtain 
s m !ds) P(‘) ds < co ad4) 
using hypothesis (iii) and (2.10) for t = T. This contradicts (2.6). The proof 
of this theorem is therefore complete. 
We can apply Theorem 2.2 to the following equation: 
r”(t) + P(t) Yrk(tN = 0, t>a>o, (2.11) 
where r > 1 is a quotient of odd integers, p and g are assumed continuous, and 
g(t) -+ co as t -+ 00. If we take h,(t) = 1 and h(t) = t+, r > 1, we obtain the 
following result which improves the sufficiency part of Corollary 3.4 of [4] 
by removing some restrictions on g(t). 
COROLLARY 2.3. Let q(t) satisfy (2.4). If 
I 
00 
n(t>Pw dt= cc (2.12) 
then (2.11) for r > 1 is oscillatory. 
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If we take h(v) = v(log V) and h,(cv) = (log(cv))a, /3 > 01 > 1, for every 
c > 0, we obtain the following result which improves (i) of Corollary 2.4 
of [4] and Theorem 4.1 of [ 161 an d is related to Theorem 2.2 of [4]. Later we 
will give an example to show that the following corollary is not included in 
Theorem 2.2 of [4]. 
COROLLARY 2.4. Let q(t) and g(t) satisfy (2.4). If 
s m p(t) q(t) (log g(t)Y dt = ~0, 13 > 1, 
then (2.11) fog r = 1 is 0sciZZutory. 
If we take h(v) = v(log u)~, b > 1, and h,(co) = 1 in Theorem 2.2, we 
obtain the following result which improves Theorem 2.2 of [13] in case 
f(~, V) satisfies (ii) of the following corollary. 
COROLLARY 2.5. Suppose that there exists M > 0 such that either 
(i) g(t) < t for t 3 a > 0 and v 6 u or 
(ii) u > M 
implies 
lim inf w+tm >cE)O, b> 1, 
for some E. If (2.4) and (2.12) are satis-ed, then (1.1) is oscillatory. 
It is clear that we may use the proof of Theorem 2.1 and Theorem 2.2 to 
obtain more general theorems for (1.2) and (1.3). Here we omit the details. 
THEOREM 2.6. Suppose that 
(i) there exists a positive continuous dzjkentiable function q(t) such that 
0 < q(t) < minkI( g&h..., g,(t), t> and 0 < q’(t) (2.13) 
for t 3 a > 0 and that 
(ii) there exist positive nondecreasing continuous functions h(t) and h,(t) 
for t > a > 0 and a positive constant M such that either 
(ii)i g<(t) < t for t 3 a > 0 and v < u, 1 < i 6 n or 
(i% U>M 
implies 
e, dv s- h(v) < co and lim inf h&4 f&7 v> 3 E > 0 v-m h(v) 
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for every positive constant c and some E and 1 < i < n. If 
2 s”$$#dt= 00, 
i=l t 
then (1.2), is oscillatory. 
In the argument of Theorem 2.1 we use the continuity off to show that for 
t > t, , (2.3) holds. N ow we may use the monotonicity of f(t, u, v) in u for 
fixed v and in v for fixed u to show that for t > t, , 
f(t, r(t), YMW t f(t, L/Z Jw > 0. 
Therefore, we obtain the following theorem which improves Theorem 3.1 
of [4] and the sufficiency part of Theorem 3.2 of [4]. It is clear that the proof 
follows Theorem 2.1. We omit the detail here. 
THEOREM 2.7. If 
s 
m 
tf (t, b, b) dt = co (2.14) 
for every b > 0, then every bounded solution of (1.3) is oscillatory. 
THEOREM 2.8. Suppose that (2.4) . as satisfied and that there exist positive 
nondecreasing continuous functions h(t) and h,(t) for t > a > 0 and a constant 
M > 0 such that either 
(i) g(t) < t for t > a > 0 and u >, v or 
(ii) u > M 
implies 
a dv s- h(v) < co and lim inf h&v) f (t, u, v) v-m h(v) 2 cf(t, % a) > 0 
for every positive constant c and t > b > 0 and for some .S and 0~. If 
s O” 4(t) f (6 % a) hl(&)) dt = co 
for some 01, then (1.3) is oscillatory. 
We now will remove some restrictions on g(t) in the above theorems and 
corollaries. However, we require other more restrictive conditions than in 
the above results. The following lemma is required which has been proved in 
Lemma 2.1 of [4] to prove the subsequent theorems. 
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LEMMA. Let g(t) satisfy 
0 < g(t) < 4 t >o, 
and assume y(t) E Cf2)[T, ~0) satis$es 
pgp> = 00, (2.15) 
r(t) > 07 y’(t) > 0, r”(t) < 0 on [T, co). (2.16) 
Then for each 0 < k < 1 there is a Tk > T such that 
where 
r(t) d 4t> YkW> t 3 Tk, (2.17) 
49 = 4M4 and a = 1/k > 1. (2.18) 
We now use the technique of Theorem 2.2 and the above lemma to obtain 
the following theorem which improves some results in [l-4, 6, 9-14, 161 and 
is related to Theorem 2.2. 
THEOREM 2.9. Suppose that (2.15) is satisfied and that there exist a positive 
continuous function h,(t) and positive nondecreasing continuous functions h(t), 
h,(t), and h3(t) for t > a > 0 such that h(t) = h&t) h3(t) and u > a implies 
m dv I- h(v) < O3 and lim inf h,b) f (u, VI v+LIJ M4 M4) 4 2 Gw - > 0 (2.19) 
for every positive constant c and t 3 b > 0 and for some OL and E where a: and 
u(t) satisfy (2.18) and 6 is a constant. If 
s 
cc tp(t> 
h,(t) h&(t)) dt = co’ 
(2.20) 
then (1.1) is oscillatory. 
Proof. From (2.7) we know that 
y’(t) 2 Itrn ~(s)f(rWt MS))) ds. 
Divide the above inequality by h(y(t)) to obtain 
(2.21) 
r’(t) 1 - - 
h(YW > NY(t)) s 
m P(s)f(r(s), Y(&))) ds 
t 
3 
I 
m p(s)f (y(‘), y(g(‘))) ds 
t h(YW 
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for t > t, . Sincey(t) satisfies (2.16), from (2.17) and (2.19) we obtain 
PWf(Y(4, YMN = w)P(t)f(Y(t)T YkW 
h(Y(4) h,(t) hdy(t)) MY(~)) 
> p(t) . h&y(t)) fb(t), YMW 
’ h,(t) My(t)) hdc4t) YMW 
p(t) 
a h,(t) hs(W * ’ 
(2.22) 
for sufficiently large t 2 t, > t, and some positive E and c since cy(t) < t 
for some c. Thus we may combine (2.21) and (2.22), integrate from T to t, and 
then follow the proof of Theorem 2.2 to obtain the desired conclusion. 
If we take h3(v) = TP’, 1 < p, h,(cu) = 1, and h,(u) = 1, then we obtain 
the following corollary which improves the sufficiency part of Corollary 3.4 
of [4] and is related to Corollary 2.3. If g’(t) > 0, then the following corollary 
is contained in Corollary 2.3. 
COROLLARY 2.10. Let g(t) satisfy (2.15). If 
s 
cc 
t’-fl(g(t))” p(t) dt = co, l<P 
then (2.11) for r > 1 is oscillatory. 
If we take h,(cv) = 1, h2(U) = 1, and h3(v) = zP, 1 < p, we obtain the 
following corollary which is related to Corollary 2.5. 
COROLLARY 2.11. Suppose that for u > v implies 
f (% v) lim inf va 
I I 
>,E>O, p> 1. a-s-2 
If (2.15) and (2.23) are sutis$ed, then (1.1) is oscillatory. 
We now extend Theorem 2.9 to more general theorems for (1.2) and (1.3). 
Since their proofs are clear, we may omit the details here. 
The following theorem is related to Theorem 2.6. 
THEOREM 2.12. 1j 
(i) 0 < gi(t) < t, t > 0, 1 < i < n. (2.24) 
(ii) there exist positive continuous functions h,<(t) and positive nondecreus- 
ing continuous functions h(t), h,(t), and h&t) for t > a > 0 such that 
h(t) = h,iW hsiW> 1 <i<n 
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and u > v implies 
m dv s- h(v) < cx3 and lim inf w4 fib4 4 V’T. k&4 hdwi(t) v) 
for every positive constant c and t 2 b and for some clli and E where ai > 1 and 
ai = t/gi(t) and b is a positive constant. 
(iii) (2.25) 
then (1.2) is oscillatory. 
From Theorem 2.12 we may obtain the following result which improves 
Corollary 3.9 of [4]. 
COROLLARY 2.13. Let gi(t) satisfy (2.24), ri > 1 be a quotient of odd 
integers, gi(t) -+ co as i -+ co, and p,(t) be continuous and nonnegative for 
t 3 a > 0, 1 < i < n. Then all solutions of 
are oscillatory provided (2.25) holds for hi(t) = 1, 1 < i < n. 
We may use Theorem 2.7 and the proof of Theorem 2.9 to obtain the 
following theorem which is related to Theorem 2.8. 
THEOREM 2.14. Suppose that (2.15) is satisfied and that there exist a 
positive continuous function h,(t) and positive nondecreasing continuous functions 
h(t), h,(t), and h3(t) for t > a > 0 such that h(t) = hz(t) ha(t) and u > v 
implies 
m dv s- h(v) < co and lim inf U4f (t, us 4 3 cf(t, P,P) > 0 e)+m h2(u) h3(aa(t) v) w(t>> 
for every positive constant c and t > b and for some 01, /3, and E where 01 and a(t) 
satisfy (2.18) and b is a positive constant. If 
s Cc m, P9 B> h,(t) h,(a(t)) dt = co’ 
for some /3 > 0, then (1.3) is oscillatory. 
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For the second order linear equation of (2.11) with g(t) = t and r = 1, 
Kneser [8] in 1893 proved 
with 
t”p(t) < $ =c- (2.11) 
g(t) = t and r = 1 is nonoscillatory, 
(2.26) 
with 
t2p(t) 3 (1 + E)/4 3 (2.11) 
At> = if and r = 1 is oscillatory. 
Later, rite [5] proved that p(t) > 0 and J”p(t) dt = co imply (2.11) with 
g(t) = t and r = 1 is oscillatory. Hence, Hille [7] assumes that 
PM > 0 and P(t) = jm p(s) as < 02 (2.27) t 
and proved the following generalization of (2.26): 
with 
P(t) < $ * (2.11) 
g(t) = t and Y = 1 is nonoscillatory, 
(2.28) 
with 
tP(t) > (1 + l )/4 3 (2.11) 
&> = if and 7 = 1 is oscillatory. 
We now will give some sufficient conditions which are similar to (2.28) 
for (1.1) to be oscillatory. Recently, Travis [13] has given such a result. 
Here we give the following theorem which improves Theorem 2.2 of [13]. 
THEOREM 2.15. Let q(t) satisfy (2.4) und 
lpq(t) = co. (2.29) 
Suppose that there exists a positive nondecreasing function h,(t) for t > a > 0 
and a positive constant M > 0 such that either 
(i) g(t) < t for t > a > 0 and v < u or 
(ii) u > M 
implies 
lim inf 
I 
hb) f (% 4 > E > 0 
v-m V (2.30) 
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for every positive constant c and some E. If 
‘(‘) ds > l/e h,o) 
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(2.31) 
and (2.1) holds, then (1.1) is oscillatory. 
Proof. We may use an argument similar to Theorem 2.2 to prove this 
theorem. Suppose that y(t) is a nonoscillatory solution of (1.1). Then according 
to Theorem 2.1, y(t) is unbounded. From (2.7) we obtain 
Y’W) 4’(t) 3 Y’W q’(t) 
3 s’(t) jm P(s) f M4, YkNN 6 t bh, t 
Integrating above inequality from T to t and using integration by parts we 
obtain for t 3 T > t, 
YW) + Cl k !I@) ltrn P(4f(Y(4YM4N ds 
or 
s a, Wf(Y(4 YMSN) ds t 
> q(t) jta $+)f k$;;;(g(s))) ds 
> q(t) stm P(‘) f ;;;;;)?;(g@))) ds, 
(2.32) 
where 
cl = q(T) j-; d4f (y(s), YW))) ds 
is a constant. From (2.30) we obtain that (2.9) is valid for h(g(t)) = y(g(t). 
Using this fact and (2.32) we obtain 
1+A 
Y(!7W 
b %7(t) j-y & ds (2.33) 
for sufficiently large t > T > t, > tl . From (2.29) and the fact that y(t) 
is unbounded we know that c,/y(q(t)) ---f 0 as t -+ 00. Therefore, from (2.33) 
we obtain 
which contradicts (2.31). This proves the theorem. 
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If we take A,(N) = 1, we obtain the following result which is related to 
Corollary 2.3. 
COROLLARY 2.16. Let p(t) and q(t) satisfy (2.4), (2.29), and (2.1). If 
lim+?p q(t) Jm p(s) ds > k, > 0 
t 
for some constant k, , then (2.11) for r > 1 is oscillatory. 
We also have the following result for (2.11) with Y = 1. This result is 
an improvement of (i) of Corollary 2.4 of [4] and related to Theorem 2.2 
of [4]. Later we will give an example to show that the following corollary is 
not included in [4, Theorem 2.21. 
COROLLARY 2.17. Let p(t) and q(t) satisfy (2.4), (2.29), and (2.1). If 
lirn+yp q(t) Imp(s) ds > 1, 
t 
then. (2.11) for r = 1 is oscillatory. 
We now extend Theorem 2.15 to more general theorems for (1.2) and (1.3). 
Their arguments will follow Theorem 2.15 and Theorem 2.7. We omit the 
details. 
THEOREM 2.18. Let gi(t) and q(t) satisfy (2.13) and (2.29). Suppose that 
there exists a positive nondecreasing function h,(t) for t 3 a > 0 and a positive 
constant M > 0 such that either 
(i) gi(t) < t for t > a > 0 and v < 24, 1 < i < n or 
(ii) u > M 
implies 
lim inf 
I 
wv)fd% 4 > (i > 0 
u-t-2 V I 
for every positive constant c and some ~~ . If 
then (1.2) is osciZZutory. 
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THEOREM 2.19. Let f and q satisfy (2.4), (2.14), and (2.29). Suppose that 
there existpositive nondecreasing continuous functions h(t) and h,(t) for t > a > 0 
and positive constants M > 0 and b > 0 such that either 
(i) g(t) < t for t > a > 0 and v < u or 
(ii) u > $1 
implies 
lim inf h&v) f (t, u, v> o+m V > l f(t, % a> > 0 
for every positive constant c and t 3 b and for some E and a. If 
then (1.3) is oscillatory. 
We now will remove some restrictions on g(t) and q(t) from Theorem 2.15 
to obtain the following theorem as well as Theorem 2.9. 
THEOREM 2.20. Let p(t) and g(t) satisfy (2.1) and (2.15). Suppose that 
there exists a positive continuous function h,(t) and positive nondecreasing con- 
tinuous functions h,(t) and h3(t) for t > a > 0 such that h2(t) h3(t) = t and 
u > v implies 
lim inf h,W f(u, 4 
er+m h,(u) h&a(t) v) ’ h&(t)) ’ ’ 
for every constant c and t 3 b and for some a: and E where 01 and u(t) satisfy 
(2.18) and b a positive constant. If 
lirni~up t Srn P(s) 
t h,(s) h&(s)) ds ’ l”’ 
(2.35) 
then (1.1) is oscillatory. 
Proof. We may use the argument similar to Theorem 2.15 (or Theorem 
2.2) to prove this theorem. Suppose that y(t) is a nonoscillatory solution of 
(1.1). If y(t) is bounded, from Theorem 2.1 we know that it is a contradiction. 
Thus y(t) is unbounded. Integrating (2.7) f rom T to t and using integration 
by parts we obtain for t 3 T > t, 
r(t) + CI 3 tSIUp(s)f(y(s),y(g(s))) ds 
4='9/45/2-10 
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> ts m fds)f(y(s), Y(&) ) ds t Y(S) ’ 
(2.36) 
is a constant. From (2.34) and hypotheses we obtain that (2.22) is valid for 
h(y(t)) = y(t). Using this fact and (2.36) we have 
for sufficiently large t >, T > t, > t, . Since y(t) + co as t + co, then we 
obtain 
which contradicts to (2.35). This proves the theorem. 
If we take h,(cv) = 1 and h,(a(t)) = u(t), we have the following result 
which is related to Corollary 2.10. 
COROLLARY 2.21. Let p(t) and g(t) satisfy (2.1) and (2.15). If 
limi,s,p t 
s 
m s-lg(s)p(s) ds > k, > 0 
t 
for some constant k, , then (2.11) for r > 1 is oscillatory. 
We now extend Theorem 2.20 to more general theorems for (1.2) and (1.3) 
to obtain following results as well as Theorem 2.18 and Theorem 2.19. Since 
their proofs just follow Theorem 2.20, we may omit the details here. 
THEOREM 2.22. Let gi(t) satisfy (2.24). Suppose that there exist positive 
continuous functions h,,(t) and positive nondecreasing continuous functions 
h,(t) and hai such that hli(t) h&t) = t, for t > a > 0, 1 < i < n, and u > v 
implies 
liF+inf hi(cu)f& v) 
h,i(u) MwiW 4 a h&;(t)) ’ ” 
1 <i<n 
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for every positive constant c and t > b and for some (Ye and E where cli > 1 and 
ai = t/gi(t) and b is a positive constant. If 
ds > 1 and g jrn tp,(t) dt = oc), 
then, (1.2) is oscillatory. 
THEOREM 2.23. Let p(t) and g(t) satisfy (2.14) and (2.15). Suppose that 
there exists a positive continuous function h,(t) and positive nondecreasing con- 
tinuous functions h,(t) and ha(t) for t > a > 0 such that h,(t) h3(t) = t and 
?I > v implies 
lim inf h,(cu) f (t, u, v) >, cf (t, 8, B) > 0 
tl-tm M4 h&a(t) v) Mw 
for every positive constant c and t >_ b and for some (11, /3, and E where a! and a(t) 
satisfy (2.18) and b is a positive constant. If 
for some /3, then (1.3) is oscillatory. 
Finally we will give examples to show that Corollary 2.4 and Corollary 2.17 
are not included in Theorem 2.2 of [4]. 
Remark. ,It is interesting to note that Erbe [4, Theorem 2.21 has shown 
the following theorem. 
THEOREM A. Let u(t) = g(t)/t, p(t) 2 0 for t > 0. Assume that 
r”(t) + W) PW YW = 0 (2.37) 
is ascillatory for some 0 < b < 1. Then (2.11) for r = 1 is oscillatory. 
If we take p(t) = (logg(t))e/(tg(t) log t), p > 1, and g(t) = log t, then 
(2.11) for I = 1 is oscillatory by Corollary 2.4 with q(t) =g(t). However, 
(2.37) is nonoscillatory by (2.26). Therefore, Corollary 2.4 is not included in 
Theorem A. 
If we take p(t) = g’(t)/(bg2(t)), 0 < b < 1, and g(t) = tc, 0 < c < 2, then 
(2.11) for Y = 1 is oscillatory by Corollary 2.17 with g(t) = q(t). However, 
(2.37) is nonoscillatory by (2.28). Therefore, Corollary 2.17 is not included 
in Theorem A. 
398 KUO-LIANG CHIOU 
3. NONOSCILLATION THEOREMS 
Kung [9, Theorem 61 asserted that if Jrn tp(t) dt < co, then every non- 
trivial solution of (1.4) is nonoscillatory on [a, co). However, his proof is not 
complete because 
s,:” I ~(91 I ~(t - 41 dt G I Y’(QJI 1’” t I f(t)1 dt 
%a 
holds only if qla E [t, , tn+J. If 7% E [t, - 7, tJ, that inequality does not hold. 
Therefore, that theorem is still unsettled. In this section we will show that if 
p(t) > 0 and j’” tp(t) dt < co, then every nontrivial solution of (1.4) is 
either nonoscillatory or tends to zero as t -+ co. 
THEOREM 3.1. If p(t) 2 0 and 
I 
co 
q(t) dt < co, 
then every solution y(t) of (1.4) existing on [u, co) is either nonoscillatory or 
y(t)30 us t+ co. 
The proof of this theorem will require the following lemmas. 
LEMMA 3.2. If y(t) is a solution of (1.4), p(t) > 0, and jrn tp(t) dt < co, 
then there exist positive constants M, t, such that / y(t)1 < Mt for t >, t, . 
Proof. Choose t,, > 1 so large that t - T 3 a, t > t, . Inte.grating (1.4) 
two-times from to to t we obtain 
YW = Y(cJ + Y’(h) (t - to) - j-1 (t - 4 P(s) Y(S - 4 ds 
or 
where c1 is a positive constant. 
Define the function 
F(t) = cl + j-1 P(S) I Y(S - 41 ds 
(3.1) 
then F(t) is nondecreasing in t 
I YWI G tw> t 3 t, (3.2) 
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and 
F’(t) = p(t) I r(t - 41 f (3.3) 
Choose tr > t, so large that t - 7 > t, for t > tr . Then from (3.2) and the 
monotone character of F we obtain 
I r(t - 41 < W), 
From (3.3) and (3.4) we obtain 
t > t1. (3.4) 
Hence, 
F’(t) < tp(t)F(t), t > t, . 
F(t) 6 WI) exp (s,: V(S) ds) 
< F(t,) exp jrn sp(s) ds = M, 
t1 
where M is a finite positive constant. The inequality (3.2) now becomes 
I Y(4l G J!h t > t1. 
This proves the lemma. 
LEMMA 3.3. Suppose that p(t) > 0 and SC0 sp(s) ds < co. Let y(t) be a 
nontrivial oscillatory solution of (1.4) that does not tend to zero as t -+ CO. Then 
there exists a sequence of intervals {[Lz~,+~ , a&J} such that for a, 3 tl > 0 and 
a, < anfl , 71 = 1,2,3 ,..., 
(9 Y(GA = Y(GJ = 0, y(t) f 0 for t E (GM , GA und y(t) bus 
one sign for t E (a,,-, , uzn) for every n; 
(ii) u,-+cOasn-+c0; 
and 
(iii) there exists N such that a,, - a2n--1 > r for all n 2 N. 
Proof. Since y(t) is a nontrivial oscillatory solution of (1.4) and does not 
tend to zero as t + co, given E > 0 there exist a sequence (6,) and a sequence 
of intervals {[L++~ , a,,]} such that f or a, 9 t, > 0 and a, < a,,, , 
n = 1) 2, 3,. . . . 
(i) y&J2 > E and y’(b,) = 0, for every n and b, --t CO US n -+ CO. 
(ii) y(a,,.-,) = y(az,) = 0, r(t) f 0 for t E (%+.I , ad, b, E (%--I , %A 
and y(t) has one sign for t E (a,,-, , a an ) for every n. Since 6, -+ cc as n -+ Co 
and b, E Cc+1 , u,,),u,+cDasn+c0. 
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We now show that there exists an N such that azn - ua,+r > T for all 
n >, N. Since y’(t) is continuous for t E [ua,+i, us,& there exists 4,~ [u~,+~, azn] 
such that 
Integrating (1.4) from [, to b, if 6, < b, (or from b, to 5, if b, < f,) we get 
Y’W - Y’&) = - Jb;~(s)~(s - 4 ds. 
Therefore, 
9 M bI P(S) s ds f 
because of Lemma 3.2. Since Srn sp(s) ds < co and M is a constant, we may 
let n + co and obtain I y’(E,Jl --t 0 as n -+ co. From Schwartz’s inequality 
and (1.4), we have 
< (b, - a2n--1) Ibe ~‘(4~ ds 
%-I 
d (Y’&))~ (b, - a2n-d2 
G (YVnN2 k2n - a2n-d2. 
Since E is a finite positive constant and I y’(t,)\ + 0 as n -+ 00, 
a2n - a2n--1 + co as n -+ co. Therefore, there exists an N such that 
a2n - a2n-1 > T for all n 2 N. This proves the lemma. 
Proof of Theorem 3.1. Suppose that y(t) is a nontrivial oscillatory solution 
of (1.4) and does not tend to zero as t -+ co. From Lemma 3.3 we know that 
there exists a sequence of intervals {[a,,-, , a,,]} such that for a, > tl > 0 
and a, < a,,,, , n = 1,2, 3 ,..., 
(9 ~(a~,-~) = Y(~~,J = 0, r(t) f 0 for t E (G+~ , a2d, and r(t) has 
one sign for t e (u~+~ , a2J for every n; 
(ii) u,-+coasn+oo; 
and 
(iii) there exists an N such that a2n - u~,+~ > 7 for all n 2 N. 
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Consider any interval [aamel , aa,J where m > N. Without loss of generality, 
we may assume that y(t) > 0 for t E [u2,-, , aam]. From (1.4) we obtain 
r”(t) = -p(t>r(t - 4 
<o 
for as,,, < t < azm + Q-. Thus y’ is decreasing for aa,,, < t < azm + T. Since 
y(t) > 0 for t E b2m-1 , 2m a ] and ~(a,,) = 0, y’(t) < 0 in the neighborhood 
of aam. Therefore, y’ < 0 for a 2,,, < t ,< a,, + T and y(t) < 0 for 
a, < t < azm + 7. Since y(t) is continuous and a nontrivial oscillatory 
solution of (1.4), there exists c, such that c, > azm + T, y’(cn) = 0 and 
y’(t) < 0 for uam < t < c, . Therefore, y(t) y(t - T) <y(t)” for a,, < t < c, 
because y’(t) < 0 and y(t) < 0 for a2m < t < c, and y(t) > 0 for 
a, < t < u2m . From (1.4), integration by parts, and y(t) y(t - T) <y(t)” 
for aBm < t ,< c, , we obtain 
< s en p(s) y2(s) ds. hn 
From Schwarz’s inequality, we obtain for a2m < s < c, 
(3.6) 
for any m. Substituting (3.6) into (3.5) we get 
1 < 
s 
‘” sp(s) ds. 
%m 
Let m=N, N+ l,...,N+p in the above inequality and add the cor- 
responding inequalities we obtain 
P < Nf 1” q(s) As < jrn q(s) ds, 
m=N %m QN 
which is impossible since p is an arbitrary positive integer. Hence the assump- 
tion that y(t) is a nontrivial oscillatory solution of (1.4) and does not tend to 
zero as t + co leads to a contradiction. The proof is therefore complete. 
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In the following theorems we consider bounded solutions of Eq. (1.5). 
We may apply Theorem 3.1 to obtain the following result since 
j-y t%Y2, t) dt < j-m tF(c2t2, t) dt 
THEOREM 3.4. If 
I 
m 
tF(c2t2, t) dt < co, 
then every solution y(t) of (1.5) existing on [a, CXI) satisfying 1 y(t)\ < ct for 
t > a,, > 0 and for some positive constant c is either nonoscillatory or y(t) --f 0 
ast-+co. 
From Theorem 3.4 we obtain the following theorem. 
THEOREM 3.5. If 
s 
m 
tF(c2t2, t) dt < co, 
then every bounded solution y(t) of (1.5) existing on [a, co) is either nonoscillatory 
ory(t)+O us t--t co. 
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